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Abstract—Causality and its relationship with the Kramers-
Kronig relations are clarified from a time-domain perspective.
The approach enables a rigorous derivation of the Kramers-
Kronig relationships for the Lorentz and Drude models of the
electric susceptibility with zero damping. In this case, the suscep-
tibility is a causal function that does not decay to zero as time
tends to infinity; indeed, for the Drude model the susceptibility
grows without bound. The Kramers-Kronig equations must be
interpreted in the distributional sense. Their implications for
lossless dielectrics are discussed.

I. INTRODUCTION

The real and imaginary parts of the Fourier transform of a
causal function f(t) (causal means that f(t) = 0 for t < 0) are
related—the real part is uniquely determined by the imaginary
part and vice versa. In electromagnetics, these relationships
applied to the susceptibility of a medium are referred to
as the Kramers-Kronig relations (KKRs). There has been a
long-standing interest in KKRs, not only because they are
useful in material characterization (i.e., to extract information
about the refractive index of a material from its absorption
spectrum), but also because they predict many interesting wave
propagation phenomena, such as anomalous dispersion and
superluminal propagation [1], [2].

Recently, there has been a renewed interest in the KKRs due
to developments in the field of metamaterials. Metamaterials
are artificially structured electromagnetic materials with spe-
cially designed features that are much smaller than the opera-
tion wavelength, in which wave propagation exhibits extraor-
dinary properties; for example, negative refraction, “perfect”
lenses, and stopped light have been predicted [3], [4], [5],
[6], [7], [8], [9]. Recently, several papers have used or cited
KKRs to explore the impact of losses in metamaterials. These
papers have led to discussions on whether negative refraction
and other unconventional wave phenomena are realizable [10],
[11], [8], [9]. Because causality is regarded as an intrinsic
property of physical systems, the interpretation of KKRs is
significant in the fundamental understanding of the dispersive
and loss properties of linear materials.

In this letter, we clarify the concept of causality as a
property in the time domain, review its consequences in the
frequency domain, and specify the conditions for the validity
of KKRs. We illustrate that KKRs hold for media without
damping so that the susceptibility does not decay with time,
contrary to the conventional requirement [12], [13], [14]. To
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our knowledge, these expressions of the susceptibility and
their relationship to the KKRs have not been shown before.
Our approach easily explains the causal responses of active
materials as well. We show that the causality of the suscep-
tibility does not necessarily imply that a dispersive medium
possesses absorption over some frequencies. Although there
may be physical reasons for electromagnetic energy dissipation
in real materials (e.g., material impurities, inelastic collisions
between atoms in a gas), causality itself does not imply that
materials are dissipative. We focus on the electric susceptibility
or permittivity, although the results apply in an obvious way
to the magnetic response and the permeability.

II. SUSCEPTIBILITY AS AN IMPULSE RESPONSE FUNCTION

The interaction between an electromagnetic field and a
collection of atoms results in a polarization density. To express
the polarization mathematically, we usually begin with a
specific, physical model of the light-atom interaction (e.g.,
Lorentz, Drude, Debye, two-level atoms) [13], [12], [14], [15];
this leads to the susceptibility, χ(t). Then the polarization,
P (t), and the electric field, E(t), are related by the convolution
equation

P (t) = ε0

∫ ∞
−∞

χ(t− τ)E(τ)dτ = ε0χ(t) ∗ E(t), (1)

where ε0 denotes permittivity of free space and ∗ denotes
convolution. For simplicity, we restrict our discussions to
homogeneous media with a scalar, rather than tensorial, sus-
ceptibility function. We consider only linear media. The time
variable t ranges over all real numbers, −∞ < t < ∞,
although alternatives include 0 ≤ t < ∞. We take P (t) and
E(t) to be real-valued signals.

Equation (1) models a linear time-invariant system with
input E(t) and output P (t). The function ε0χ(t) is regarded
as the impulse-response function of the system, for if E(t) =
δ(t), then P (t) = ε0χ(t). This system is said to be causal if,
for every t, P (t) depends on E(τ) only for τ ≤ t; i.e., the
present output does not depend on future inputs. Evidently,
this is equivalent to the condition that χ(t) = 0 for t < 0.
A function satisfying this condition is said to be a causal
function. If the susceptibility χ(t) is indeed a causal function,
then according to [12] (Section 62), its Fourier transform,
χ̃(ω), satisfies the KKRs:

χ̃R(ω) =
1

π
P

∫ ∞
−∞

χ̃I(x)

x− ω
dx, (2a)

χ̃I(ω) = −
1

π
P

∫ ∞
−∞

χ̃R(x)

x− ω
dx, (2b)
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where χ̃R(ω) and χ̃I(ω) are the real and imaginary parts of
χ̃(ω) respectively, and where, to be consistent with Eq. (62.1)
in [12], we define the Fourier transform to be

χ̃(ω) =

∫ ∞
0

χ(t)eiωtdt. (3)

The electric displacement field is related to the electric field
as D(t) = ε0E(t) + P (t). Combining this definition with (1)
and taking the Fourier transform, we find

D̃(ω) = ε0[1 + χ̃(ω)]Ẽ(ω), (4)

where D̃(ω) and Ẽ(ω) are the Fourier transforms of D(t)
and E(t) respectively. The relative dielectric constant or
permittivity is εr(ω) = 1 + χ̃(ω), so D̃(ω) = ε0εr(ω)Ẽ(ω).
Therefore, a causal χ(t) implies a causal permittivity.

III. MODELS OF SUSCEPTIBILITY

Although (1) is general, to settle on a specific form of χ̃(ω),
the usual procedure is to calculate the net dipole moment of a
collection of atoms in the presence of an electric field. This is
accomplished by solving differential equations that model, for
instance, the classical electron displacement or the evolution of
the quantum mechanical electronic wavefunctions. As explicit
examples, we consider two common classical models for the
susceptibility—the Lorentz and Drude models.

A. Lorentz model

In this section, we first review the Lorentz model for a
passive material with damping and introduce the Laplace
transform. Then we illustrate the causality of the susceptibility
and the appropriate KKRs for a lossless dielectric. Afterwards,
we extend the results to an amplifying medium.

1) With damping: In the Lorentz model, the motion of an
electron under the application of an electric field is considered
as a classical harmonic oscillator. The displacement X(t) of
the electron from its equilibrium position is given by

Ẍ + γẊ + ω2
0X = − q

m
E, (5)

where q is the elementary charge, m is the mass of the
electron, E(t) is the local value of the electric field, and γ, ω0

are, respectively, a damping constant and a natural frequency,
with γ ≥ 0 and ω0 > 0.

A differential equation like (5) does not specify the causality
relationship between the input E(t) and output X(t). Let
us elaborate on this key point. The characteristic polynomial
associated with (5) is s2 + γs + ω2

0 , which has two roots,
s = −γ/2±

√
(γ/2)2 − ω2

0 . Thus, the transfer function

H̃(s) =
1

s2 + sγ + ω2
0

(6)

has two poles in the complex plane. The function H̃(s) is the
bilateral Laplace transform of a time-domain function H(t),

H̃(s) =

∫ ∞
−∞

H(t)e−stdt, (7)

and Eq. (5) in integral form is

X(t) = − q

m

∫ ∞
−∞

H(t− τ)E(τ)dτ. (8)

The integral in (7) has a region of convergence (ROC) for s.
For weak damping where γ/2 < ω0, the ROC could be the
right half-plane defined by Re s > −γ/2 or the left half-plane
where Re s < −γ/2. Each of these cases gives a different
solution of (5). Only the right half-plane case gives a causal
solution, where H(t) is a causal function, and so

X(t) = − q

m

∫ t

−∞
H(t− τ)E(τ)dτ, (9)

the upper limit of the integral being only t. In summary,
when we begin with a differential equation model, we have to
explicitly select the causal associated system if that is the one
we want—it is not automatic.

The polarization is the total dipole moment per unit volume,
which is P (t) = −qNX(t), where N is the density of
electrons. Substituting (8) into P (t) and comparing the result
with (1) gives

χ(t) = ω2
pH(t), (10)

where ω2
p ≡

q2N
mε0

. Thus, χ(t) is a causal function because we
chose H(t) to be so.

In the typical analysis of susceptibility and permittivity, the
Fourier transform, rather than the Laplace transform, is used
on (5). The relationship between the Laplace variable s and
the Fourier variable ω is s = −iω, or equivalently ω = is.
If γ > 0, then the ROC of the Laplace transform includes
the imaginary axis and we may substitute −iω for s in (6) to
obtain the Fourier transform

H̃(ω) =
1

ω2
0 − ω2 − iωγ

, (11)

which is analytic in the upper half-plane. If γ > 0, it is well-
known that the real and imaginary parts of H̃(ω) follow KKRs.

2) Lossless: A peculiar situation arises when the motion of
the electrons is undamped or lossless, i.e., γ = 0. One might
infer from (11) that the Fourier transform of H(t) in this case
is

H̃1(ω) =
1

ω2
0 − ω2

, (12)

which is real-valued and violates the KKRs. However, if we
instead examine (6) with γ = 0, we find

H̃1(s) =
1

s2 + ω2
0

, (13)

for which the ROC is Re s > 0. Because this does not contain
the frequency axis iω, we cannot simply substitute −iω for s.
Taking the inverse Laplace transform of H̃1(s) and multiplying
the result by ω2

p gives the susceptibility

χ1(t) =
ω2
p

ω0
sin(ω0t)U(t), (14)

where U(t) is the unit step (U(t) = 1 for t ≥ 0 and U(t) = 0
for t < 0).
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Now the KKRs apply to the Fourier transform of χ1(t),
which is

χ̃1(ω) =
ω2
p

ω0

[
ω0

ω2
0 − ω2

− πi

2
[δ(ω + ω0)− δ(ω − ω0)]

]
.

(15)
The KKRs hold between the real and imaginary parts of this
χ̃(ω). They do not hold for (11) with γ = 0.

Of course, (2b) and (15) must be properly interpreted,
namely, in the context of distributions in the sense of Schwartz
[16]. A comprehensive development is beyond the scope of
this letter. Briefly, we can arrive at the same result if instead
of setting γ = 0 in (11), we identify the real and imaginary
parts of H̃(ω) for γ > 0 and take the limit appropriately
as γ → 0+. Technically, this limit is one-sided, because
for γ < 0, H(t) grows exponentially with time, hence
H̃(ω) is not defined. Assuming the one-sided limit is equal
to the two-sided limit, we recover (15) when we use the
fact lima→0

1
π

a
a2+x2 = δ(x) (convergence as a distribution)

in limγ→0+ Im H̃(ω). The advantage of using the Laplace
transform and identifying causality in the time domain is that
we circumvent any ambiguity which may arise in applying
Fourier transforms.

Moreover, our result has extended the validity of the KKRs.
In (14), χ(t) does not converge to 0 as t → ∞, and hence
does not satisfy the usual assumption in e.g. [12], [13]. In [12],
[13], the condition limt→∞ χ(t) = 0 is given as a physical
requirement to ensure εr(ω) is analytic in the upper half of
the ω plane.

Contrary to the usual interpretation that χ̃I(ω) represents
an absorption of electromagnetic energy, the delta functions
in (15) do not physically represent energy dissipation and
cannot be observed physically. The undamped Lorentz model
is lossless. The divergences in χ̃R(ω) and χ̃I(ω) at ω0 arise
from the infinite electron displacement predicted by (5) for
γ = 0 if the electrons are driven resonantly by a finite
amplitude electric field. In practice, the electron displacement
cannot be infinite because of nonlinearity and saturation, which
would render the Lorentz model and KKRs invalid.

Our results show that if a resonance of a material, ω0, is
undamped, then as ω → ω0, it is possible to achieve very large
dispersion over a substantial frequency range, even though
there is no apparent electromagnetic energy loss over those
frequencies. This is because χ̃R(ω) varies as 1/(ω2

0 − ω2)
while χ̃I(ω) varies as a delta function. In particular, εr(ω) can
be positive or negative, and its magnitude can be large near
ω0 if the damping could be eliminated, or at least significantly
reduced, at ω0. Causality is not violated.

3) Active: Our analysis also readily explains the causal
response of an inverted Lorentz medium, which is modelled by
H̃2(s) =

−1
s2+γs+ω2

0
. There have been some recent discussions

on the causality of the refractive index of active media [17],
[18]. Clearly, changing the sign of χ(t) does not alter the
causality of the susceptibility, which is the fundamental atomic
response. The signs of χ̃R(ω) and χ̃I(ω) are opposite com-
pared to the passive case, but χ(t) remains causal. Therefore,
it is also possible to achieve both positive and negative εr(ω)
in an amplifying material. For small or vanishing values of γ,

the magnitude of εr(ω) can approach large values as ω → ω0.

B. Drude model

Another example of susceptibility is the Drude model of the
motion of electrons in metals. This is the Lorentz model with
ω0 = 0. Therefore, the electron equation of motion is

Ẍ + γẊ = − q

m
E. (16)

For γ > 0, a derivation as above gives

χ̃3(s) =
ω2
p

s(s+ γ)
, (17a)

χ3(t) =
ω2
p

γ
[1− exp(−γt)]U(t). (17b)

The corresponding Fourier transform is

χ̃3(ω) = ω2
p

[
π

γ
δ(ω)− 1

ω2 + γ2
− i γ

ω(ω2 + γ2)

]
. (18)

Again, only in this complete expression do the real and imagi-
nary parts of χ̃3(ω) satisfy KKRs. The result is different from
a direct substitution of ω0 = 0 in (11). In most discussions
of the Drude model, e.g., [13], the delta function is neglected
and the susceptibility therefore does not satisfy KKRs.

In the undamped case where γ = 0,

χ4(t) = ω2
ptU(t) (19a)

χ̃4(s) =
ω2
p

s2
. (19b)

The ROC of the Laplace integral is the right half-plane Re s >
0. The Fourier transform of χ4(t) is ([16], p. 190)

χ̃4(ω) = −ω2
p

[
1

ω2
+ iπδ(1)(ω)

]
, (20)

where δ(1)(ω) denotes the first derivative of δ(ω). The KKRs
apply to the real and imaginary parts of χ̃4(ω), again in the
sense of distributions. The right-hand side of (20) is the formal
limit of the right-hand side of (15) as ω0 → 0.

We again obtain the result that if the motion of the electrons
could be undamped, the real part of the permittivity can be
of both signs and can vary rapidly with frequency over a
substantial frequency range with no apparent absorption. As
before, the delta function should not be interpreted as loss,
since there are no physical mechanisms for damping if γ = 0.

IV. DISCUSSION

We can make a few generalizations about the susceptibility
and the validity of KKRs. For an arbitrary susceptibility χ(t)
to be causal, the ROC of χ̃(s) must be a right half-plane,
namely, Re s is greater than the rightmost pole of H̃(s). The
time-domain condition limt→∞ χ(t) = 0 is equivalent to the
frequency-domain condition that the poles of χ̃(s) lie in the
open left half-plane. Therefore, if χ(t) is causal and convergent
to 0, the ROC of χ̃(s) includes the imaginary axis, the Fourier
transform is simply χ̃(s) with s = −iω, and KKRs hold.

However, given the great flexibility in the design and im-
plementation of artificially structured materials, a wide variety
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of effective susceptibilities may be achievable, including those
that may not be convergent to 0. Hence, the ROC of such
susceptibilities may not include the imaginary axis, so the
Fourier transform may not exist or must be evaluated with
care. However, even if χ̃(ω) is not defined, and there are no
KKRs, this does not imply χ(t) is noncausal (i.e., the ROC
of χ̃(s) may still be a right half-plane).

For lossless media without damping, the poles of χ̃(s) are
on the imaginary axis in the s plane. These poles result in
delta functions in the imaginary part of the Fourier transform
χ̃(ω). These delta functions should not be interpreted as losses
but rather as divergences in the susceptibility or instabilities
of the model used to describe the polarization density.

V. CONCLUSIONS

In summary, causality is fundamentally a time-domain con-
cept and cannot be deduced from a Fourier transform alone.
Understanding causality in the time, rather than frequency,
domain clarifies the proper forms of the frequency-dependent
susceptibility and permittivity. This approach eliminates any
confusion that may arise in invoking Fourier transforms.
As examples, we derived the susceptibilities for Lorentz
and Drude media without damping and also the appropriate
expression for a Drude susceptibility that satisfy KKRs. A
physical consequence is that materials can exhibit essentially
zero electromagnetic energy loss over a large frequency range
even though its permittivity can vary substantially over those
frequencies. In a lossless material (i.e., one with zero damping
in its electronic resonances), the real part of the permittivity
can take on both positive and negative values for certain
frequencies even though the imaginary part is zero. The results
and approach hold equally well for the magnetic susceptibility
and permeability.
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